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Abstract: We explore similarities and differences between widely-used threshold resum-
mation formalisms, employing electroweak boson production as an instructive example.
Resummations based on both full QCD and soft-collinear effective theory (SCET) share
common underlying factorizations and resulting evolution equations. The formalisms dif-
fer primarily in their choices of boundary conditions for evolution, in moment space for
many treatments based on full QCD, and in momentum space for treatments based on soft-
collinear effective theory. At the level of factorized hadronic cross sections, these choices
lead to quite different expressions. Nevertheless, we can identify a natural expansion for
parton luminosity functions, in which SCET and full QCD resummations agree for the first
term, and for which subsequent terms provide differences that are small in most cases. We
also clarify the roles of the non-leading resummation constants in the two formalisms, and
observe a relationship of the QCD resummation function D(αs) to the web expansion.
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1 Introduction
Threshold resummations organize singular distributions in the short distance functions of
factorized inclusive hadronic cross sections to all orders in perturbation theory. This or-
ganization has been carried out in a variety of ways. Early work on the subject identified
the importance of soft gluon radiation under phase space restrictions, and derived lead-
ing logarithmic corrections, including the role of the running coupling [1–3]. Threshold
resummations including all logarithmic orders were based on the factorization of partonic
cross sections into field-theoretic matrix elements in Ref. [4] and on direct diagrammatic
analysis in Refs. [5, 6]. Since then, many developments and applications employing these
approaches have appeared, including those described in Refs. [7–13], which we will have
occasion to use below. These resummations were carried out directly in perturbative QCD,
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an approach that is sometimes referred to as “full QCD”, and which we will call direct QCD
(dQCD) below.
Much recent discussion has concerned the apparent contrast between dQCD threshold
resummations [4–8, 13] and those based on effective field theory [14–17], in particular on
soft-collinear effective theory (SCET) [18–20]. In important analyses, Refs. [21, 22] and
[14, 15, 23] confirmed the analytic equivalence of SCET and dQCD methods at various
levels, and highlighted differences based on differing scale choices and treatments of non-
singular behavior at threshold. Our aim here is to extend these analyses and to provide
a further perspective on the relationship between direct QCD and SCET resummations,
by pointing out their common basis in the factorization properties of soft gluon radiation
[7]. This enables us to derive their key formulas side-by-side, and in this way to clarify
their similarities and differences. We will also show that in practical terms, both approaches
should give nearly identical predictions for many cross sections, even though at intermediate
stages their treatments of hard-scattering functions differ markedly. For example, once the
resummed cross sections are each computed in a manner that avoids extraneous differences
in nonsingular terms, their numerical predictions are essentially indistinguishable for Higgs
boson production at LHC kinematics. These conclusions follow from a new expansion
of the cross section based on the shape of parton luminosities, which may have further
applications.
Both dQCD and SCET threshold resummations use Mellin or Laplace transforms as
a tool, employing much the same all-orders analysis developed for the resummation of
logarithms in transverse momentum using impact parameter space [24]. In direct QCD,
the factorized cross sections are often given as integrals of products of Mellin- or Laplace-
transformed hard scattering functions and parton distribution functions. In SCET, trans-
forms may appear only as aids in solving evolution equations, and resummed cross sections
are given directly in momentum space as convolutions of hard scattering functions and par-
ton distributions. As we shall see, however, both hard-scattering functions are derived from
the same evolution equation, applied to the same “soft function”, the vacuum expectation
value of a product of Wilson lines [9–11].
We emphasize at the outset that the specific direct QCD and SCET formalisms that we
compare are by no means unique. For definiteness, we follow the presentations of [13] and
[14] for dQCD and SCET respectively, but the conclusions we reach should apply to other
applications of threshold resummation in QCD and SCET. Further clarifying the common
and distinct features of threshold resummation in the notation of these well-known papers
will lead us to a number of new results as well.1
Our discussion in Sec. 2 begins with a review to set notation for the cross sections
under consideration. We go on to recall the re-factorization of soft radiation near partonic
threshold [4, 14, 26], and the consequent evolution equations, common to both direct QCD
and SCET. We recall the differing choices of boundary conditions in the direct QCD and
effective theory formalisms, and the corresponding expressions for the resummed partonic
1Many of the same considerations apply to resummed event shape distributions, although based on
factorizations that are different from the threshold case [25].
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and hadronic cross sections. No new results are derived in this section, but we believe
the parallel development of the central results of the two formalisms, with an independent
treatment of factorization and other scale dependences, clarifies their relationship.
Section 3 reformulates evolution in terms of the logarithm of the renormalized soft
function. This logarithm, or “resummed exponent” has a direct interpretation in terms of
diagrams called webs [27–29]. We compare treatments in moment and momentum space,
applying renormalization group equations to the resummed exponent [7, 24]. We focus
in particular on the non-leading resummation function commonly denoted D(αs), which
along with the cusp anomalous dimension determines all logarithms at partonic threshold.
The function D(αs) turns out to be proportional to the momentum-space sum of the web
diagrams, evaluated at a specific scale.
In Sec. 4 we extend the results of Ref. [22], and show how the effective theory and
direct QCD agree for partonic cross sections, up to subleading logarithmic differences
in moment space, when the soft scale is chosen for this purpose. We will see that this
agreement follows systematically at any order from the evolution equation for the sum of
web diagrams, derived in Sec. 3. Finally, in Sec. 5 we find that, despite their different
treatments of evolution for the soft function, it is actually natural to anticipate agreement
for direct QCD and soft collinear effective theory resummations of hadronic cross sections,
for most of the interesting parameter range involved in collider experiments. We identify
a natural expansion of the parton luminosity function in its logarithmic derivatives, whose
first term gives dQCD and SCET resummations that agree identically for a natural choice
of the SCET soft scale. We include two appendices that deal with technical developments.
2 Factorization, re-factorization and evolution
We begin by setting the notation for Drell-Yan-like, color-singlet inclusive cross sections,
including the cases of electroweak vector boson and Higgs production. We go on to recall
the factorization of soft radiation near partonic threshold, identify the resulting evolution
equation, and contrast the solutions of this equation in dQCD moment-space resummation
[4–8, 12, 13] and the soft-collinear effective theory (SCET) momentum space resummation
method as developed in Refs. [14, 15].
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2.1 Electroweak annihilation and its moments
For the production of a system of a large mass M by electroweak annihilation, the cross
section is given in factorized form by
dσAB→M (S,M2)
dM2
=
∑
partons a,b
∫
dxa dxb fa/A(xa, µf ) fb/B(xb, µf )
×σˆab→M
(
M2, sˆ,M2/µ2f , αs(µf )
)
=
∑
partons a,b
σab0 (S,M
2)
∫
dxa
xa
dxb
xb
fa/A(xa, µf ) fb/B(xb, µf )
× Cab→M
(
z,M2/µ2f , αs(µf )
)
=
∑
partons a,b
σab0 (S,M
2)
∫ 1
τ
dz
z
Lab
(τ
z
, µf
)
Cab→M
(
z,M2/µ2f , αs(µf )
)
,
(2.1)
where σˆab→M is a perturbative quantity that begins with the lowest order (LO) cross
section, σab0 (sˆ,M
2), in QCD, with sˆ ≡ xaxbS, and where Cab→M+X is a dimensionless
“hard-scattering” or “coefficient function”, which begins at order unity for the annihila-
tion processes allowed by the parton model. For the Drell-Yan process, {ab} = {q, q¯} or
{q¯, q}, while for Higgs production via gluon fusion, {ab} = {g, g}. (With a much smaller
contribution from light quarks, {a, b} = {qq¯}.) For such inclusive cross sections, the hard-
scattering functions Cab are also in convolution with differential partonic luminosities, Lab
defined by
Lab
(τ
z
, µf
)
= z
∫
dxa
xa
dxb
xb
fa/A(xa, µf ) fb/B(xb, µf ) δ
(
z − τ
xaxb
)
. (2.2)
For simplicity, we have suppressed the hadronic labels A,B here and below in the lumi-
nosity. In the above expressions, we recall a conventional notation,
τ ≡ M
2
S
,
z ≡ τ
xaxb
, (2.3)
in terms of which we can identify true threshold, S →M2, and partonic threshold, xaxbS →
M2, at τ = 1 and z = 1, respectively.
The hard-scattering functions, Cab in Eq. (2.1), are generally singular at partonic
threshold, and threshold resummation organizes singular distributions for z → 1. These
distributions are organized by moments with respect to τ at fixed M , under which the
cross sections (2.1) factorize into products,∫ 1
0
dτ τN−1
1
σaa¯0 (S,M
2)
dσ
(a)
AB→M (S,M
2)
dM2
=
∑
a↔a¯
f˜a/A(N,µf ) f˜a¯/B(N,µf ) C˜aa¯→M (N,M/µf , αs(µf ))
=
∑
a↔a¯
L˜aa¯(N,µf ) C˜aa¯→M (N,M/µf , αs(µf )) . (2.4)
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The moments of parton distributions with respect to the xi are given by
f˜c/C(N,µf ) =
∫ 1
0
dxxN−1fc/C(x, µ) , (2.5)
and analogously for the functions L˜ and C˜. As indicated by the notation in Eq. (2.4), and
the following, with Higgs and Z production in mind, we will simplify by assuming that
only a single parton-antiparton combination is relevant, which we will generally denote by
a, a¯. The cross section dσ(a)/dM2 then represents the partonic combination that requires
threshold resummation, and the notation a↔ a¯ in Eq. (2.4) indicates the exchange of the
roles of quark and antiquark, when applicable.
The inverse Mellin transform from g˜(N) to g(x), with g any of these functions, is given
by
g(x) =
∫
Cg
dN
2pii
x−N g˜(N) , (2.6)
where the contour Cg in the complex N plane is to the right of all the singularities of g(N).
This implies that g(x) = 0 for x > 1. Under the Mellin transform, or a closely-related
Laplace transform introduced below, logarithmic singularities of the form lnm(1−z)/(1−z)
transform into series of logarithms in N beginning with lnm+1N , and similarly for the
inverse transform.
2.2 Soft gluon re-factorization and the soft function
The essential property of the hard-scattering functions Caa¯(z), which makes resummation
possible, is a re-factorization of singular behavior for 1− z → 0, [4, 9, 14, 16, 26]
Caa¯→M
(
z,M2/µ2, αs(µ)
)
= Haa¯ (M/µ,αs(µ))
× Saa¯
(
1− z, M(1− z)
µ
, αs(µ)
)
+O ((1− z)0) , (2.7)
where as indicated, corrections are less singular than 1/(1− z) or δ(1− z) as z → 1. Such
corrections, which may include powers of ln(1− z), contribute at order 1/N times logs of
N [30]. The factorization scale, labelled µ here can be chosen equal to the renormaliza-
tion scale for this discussion. The quantity Saa¯ is a “soft function”, whose field theoretic
definition, given below, is essentially equivalent in full QCD and soft-collinear effective
theory.
Once a general factorization theorem, Eq. (2.1) is established, the re-factorization, Eq.
(2.7) of the hard-scattering functions follows in dQCD from the use of the Ward identities
of the theory [4], or equivalently in effective field theory language, by a field redefinition
for hard collinear quanta [14, 16, 19]. Singular 1/(1 − z) behavior is only present for
short-distance functions that describe annihilation, b = a¯, because all other combinations
require the emission of a soft quark or antiquark into the final state, which suppresses
infrared behavior. We also notice in passing that we are using a conventional, if slightly
non-intuitive, terminology in which the hard-scattering function is the product of the soft
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function with a short-distance function. The soft function, however, is determined by
perturbative methods, as we now describe.
The soft function, Saa¯, which is termed the “eikonal hard-scattering function” in Ref.
[31], is a dimensionless quantity constructed from the vacuum expectation of a Wilson loop
that describes the annihilation of two lightlike Wilson (or eikonal) lines,2
Saa¯
(
1− z, M(1− z)
µ
, αs(µ)
)
= MWaa¯ (M(1− z), µ, αs(µ)) . (2.8)
The function Waa¯(ω, µ, αs(µ)) in turn is defined as the Fourier transform
Waa¯ (ω, µ, αs(µ)) =
∫ ∞
−∞
dx0
4pi
eiωx
0/2 W˜aa¯(x
0, ~x = 0, µ) , (2.9)
of a Wilson loop vacuum expectation [4, 9, 14, 26]
W˜aa¯(x, µ) =
1
Nc
〈0|Tr T¯[Φ(a)n †(x)Φ(a)n¯ (x)]T[Φ(a)n¯ †(0)Φ(a)n (0)]|0〉 . (2.10)
In these matrix elements, the operators Φβ are lightlike path-ordered exponentials in the
directions β,
Φ
(a)
β (x) = P exp
(
−ig
∫ 0
−∞
ds β ·A(a)(x+ sβ)
)
. (2.11)
These ordered exponentials are matrices in the representations appropriate to the partons
aa¯ that annihilate, with β = n, n¯ moving in opposite directions, n · n¯ = 1.
The matrix elements Waa¯(x0µ) can be taken as the starting point for threshold resum-
mation. In the effective field theory treatment, Waa¯ is evaluated using the SCET ultra-soft
gluon field As rather than the usual QCD gluon field A, but since the Feynman rules
involved are the same, the two definitions are essentially identical.
For all treatments of threshold resummation, Mellin, Eq. (2.5), and/or Laplace trans-
formations are useful, and equivalent to leading power in N or 1/(1 − z). The Laplace
transform of the soft function is
S˜
(
ln
M
N¯µ
, αs(µ)
)
=
∫ ∞
0
dω
M
exp
[
−Nω
M
]
S
(
ω
M
,
ω
µ
, αs(µ)
)
=
∫ 1
0
dz zN−1S
(
1− z, M(1− z)
µ
, αs(µ)
)
+ O(1/N) , (2.12)
where as in Eqs. (2.8) and (2.9) we identify ω = M(1− z), and define
N¯ ≡ NeγE , (2.13)
with γE Euler’s constant.
3 In the second equality of (2.12) we have used zN = e−(1−z)N +
O(1 − z). Notice that the soft function, S˜, is dimensionless in moment space and needs
only two arguments.
2We have omitted factors of
√
z found in [14] because we concentrate on leading (1− z) behavior.
3We note that the combination lnM/N¯µ is denoted by L in [14].
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2.3 Evolution equation for the soft function
The special role of the function Waa¯(x0µ), Eq. (2.10) for threshold resummation was iden-
tified in this context by Korchemsky and Marchesini in Refs. [9, 10]. It was evaluated at
two loops by Belitsky [11], who verified that in moment space it obeys a renormalization
group equation that generates double logarithms in moments,
d
d lnµ
ln S˜
(
ln
M
N¯µ
, αs(µ)
)
= −2Γcusp (αs(µ)) ln M
2
N¯2µ2
− 2γW (αs(µ)) , (2.14)
in terms of the cusp anomalous dimension, Γcusp(αs), and another anomalous dimension,
γW (αs) characteristic of this annihilation matrix element.
4 Specifically, γW in [14] equals
−(1/2)ΓDY in the notation of Belitsky [11]. This equation for the soft function summarizes
the moment and momentum fraction evolution equations in Refs. [4] and [7], and reappears
in this form in [14], for example.
The solution to the soft function evolution equation, Eq. (2.14), is
S˜
(
ln
M
N¯µ1
, αs(µ1)
)
= S˜
(
ln
M
N¯µ2
, αs(µ2)
)
× exp
{∫ µ1
µ2
dµ′
µ′
(
4Γcusp ln
(
µ′N¯
M
)
− 2γW
(
αs(µ
′)
))}
. (2.15)
It is only at this stage that SCET and dQCD methods part ways, in their choices of the
scales, and then in their use of the inverse Laplace or Mellin transform to derive physical
cross sections.
In the direct QCD resummation approach [7, 11] the evolution equation (2.14) is run
from scale µ2 = M/N¯ to a factorization scale µ ∼M , giving
S˜[dQCD]
(
ln
M
N¯µ
, αs(µ)
)
= S
(
0, αs(M/N¯)
)
exp
{∫ µ
M/N¯
dµ′
µ′
(
4Γcusp ln
(
µ′N¯
M
)
− 2γW
(
αs(µ
′)
))}
= S˜ (0, αs(µ)) exp
{∫ µ
M/N¯
dµ′
µ′
(
4Γcusp(αs(µ
′)) ln
(
µ′N¯
M
)
− Dˆ (αs(µ′)) )} . (2.16)
The first equality is the form that appears in Ref. [11], and the second is a form given in
[14] and [23] in comparing dQCD and SCET resummations. In the second equality, the
function Dˆ is defined by
Dˆ
(
αs(µ
′)
)
= 2γW
(
αs(µ
′)
)
+ µ′
∂
∂µ′
ln S˜(0, αs(µ
′)) . (2.17)
The resummation function Dˆ(αs) is thus a hybrid object, the sum of an anomalous dimen-
sion and the logarithmic derivative of the non-local perturbative soft function. We will
return to its interpretation in the following section.
4It is denoted γW in Ref. [14].
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With a change of variables for the Dˆ term, we can rewrite Eq. (2.16) as
S˜[dQCD]
(
ln
M
Nµ
,αs(µ)
)
= S˜ (0, αs(M))
× exp
{∫ µ/M
1/N¯
dy
y
[
4
∫ µ
yM
dµ′
µ′
Γcusp(αs(µ
′))− Dˆ (αs(yM))
]}
,
(2.18)
which is a commonly used form, for example in [13] if we choose µ = µf . We will discuss
factorization scale dependence below. Using explicit forms of the running coupling, Eq.
(2.18) may be evaluated analytically to give the resummed moment dependence, as in
Ref. [13]. Any such expression will of course produce a Landau pole in the N plane at
N¯ = M/ΛQCD. This singularity and its treatment in hadronic cross sections (see the next
subsection) is sometimes cited as a motivation for the SCET treatment of resummation,
to which we now turn.
For SCET, in Ref. [14] the running in Eq. (2.14) is taken directly between a short
distance scale µ and a fixed, N -independent soft scale µs,
S˜[SCET ]
(
ln
M
N¯µ
, αs(µ), µs
)
= S˜
(
ln
M
N¯µs
, αs(µs)
)
× exp
{∫ µ
µs
dµ′
µ′
(
4Γcusp(αs(µ
′)) ln
(
µ′N¯
M
)
− 2γW
(
αs(µ
′)
))}
. (2.19)
Here, N -dependence is only in the the soft function evaluated at scale µs and in the explicit
factor of lnN that multiplies the cusp anomalous dimension in the exponent. Despite this
alternative representation, it is clear that the two expressions, Eq. (2.16) and (2.19) are
identically equal when taken at the same choice of scale µ and evaluated to all orders, in
which case S˜[SCET ] is independent of µs. Dependence on µs remains in S˜
[SCET ], however,
when it is evaluated to finite order, or summed to a fixed logarithmic order. Thus, µs
should be included as an argument of S˜[SCET ] in general. Even in this case, however, the
SCET and dQCD soft functions will be equal if we make the choice, µs = M/N¯ . We can
summarize these results as
S˜[SCET ]
(
ln
M
N¯µ
, αs(µ)
)
all orders
= S˜[dQCD]
(
ln
M
N¯µ
, αs(µ)
)
all orders
,
S˜[SCET ]
(
ln
M
N¯µ
, αs(µ), µs =
M
N¯
)
fixed order
= S˜[dQCD]
(
ln
M
N¯µ
, αs(µ)
)
fixed order
.(2.20)
The free choice in the dQCD treatment that corresponds to the SCET soft scale is simply
the lower limit of the y integral in Eq. (2.18), where N¯ = eγEN can be replaced by an
arbitrary constant times N at the same logarithmic accuracy, adjusting the function Dˆ at
higher orders as necessary.
In Ref. [14], the SCET expression (2.19) is further reorganized by using the lnN de-
pendence in the exponent as a generating function for lnN -dependence in the soft function.
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For this purpose, we adopt a notation close to that of Ref. [14] and write (2.19) as
S˜[SCET ]
(
ln
M
N¯µ
, αs(µ), µs
)
= exp
[
−4Scusp (µs, µ) + 2αγW (µs, µ) + η(µs, µ) ln
M2
µ2s
]
× S˜
(
ln
M2
µ2s
+
∂
∂η(µ)
, µs
)
exp
[− η(µs, µ) ln N¯2] ,
(2.21)
where the various quantities in the exponents are defined by
Scusp (µs, µ) = −
µ∫
µs
dµ′
µ′
Γcusp(αs(µ
′)) ln
µ′
µs
= − 1
2
Ca
αs
pi
ln2
µ
µs
+ · · · ,
αγW (µs, µ) = −
µ∫
µs
dµ′
µ′
γW (αs(µ
′)) = O (α2s) , (2.22)
and
η(µs, µ) = − 2αΓ (µs, µ) = −2
µ∫
µs
dµ′
µ′
Γcusp(α(µ
′)) = − 2Caαs
pi
ln
µ
µs
+ · · · . (2.23)
Here, for definiteness and later use, we show order αs expressions, in which a = q, g, with
Cq = CF and Cg = CA.
5 Despite the differences in notation, every term in the resummed
effective theory exponential has an exact correspondence in the direct QCD result, with
differences due primarily to different choices of boundary conditions. Thus, for example,
the combination Scusp + η ln(M
2/µ2s) in (2.21) is precisely the Γcusp term of Eq. (2.19).
Matching to fixed-order and nonsingular calculations involving all parton types is also
common to both formalisms, and we shall not discuss it here.
2.4 Hadronic cross sections in direct QCD and SCET
To close this section, we examine how the contrasting moment-space solutions (2.18) and
(2.19) are inverted and combined with parton distributions to produce physical cross sec-
tions, each with its individual estimate of higher order corrections. In principle, both the
moment-based dQCD expression (2.18) and the SCET expression (2.19) can be transformed
to give a hard-scattering function Cab→M
(
z,M2/µ2f , αs(µf )
)
, Eq. (2.7), directly in terms
of the variable z, including all singular behavior for z → 1, to an accuracy determined
by the order to which the anomalous dimension Γcusp and the function Dˆ, Eq. (2.17) are
known [32]. The well-known “minimal” approach [33] employed in Ref. [12, 13], however,
numerically inverts the product of the moment of the hard scattering function times the
moment of the parton luminosity. Before reviewing approaches to moment inversion, how-
ever, we will reintroduce dependence on an independent factorization scale, µf in the full
cross section, Eq. (2.1).
5In Ref. [14] the quantities in Eq. (2.22) and (2.23) are evaluated by changing variables d lnµ = dα/β(α),
the details of which are omitted here.
– 9 –
The large-N factorization scale dependence of the parton distributions is
µ
∂
∂µ
ln fa/A(N,µ) = −2A(αs(µ)) ln N¯ +Ba(αs(µ)) +O(1/N)
= −2Γcusp(αs(µ)) ln N¯ + 2γa(αs(µ)) +O(1/N) , (2.24)
where the first form uses the conventional notation for DGLAP anomalous dimensions of
parton distributions, and the second employs the relations A = Γcusp and Ba ≡ 2γa (γa
here is denoted by γφ in Ref. [14]). The solution at large N for the distributions is then
fa/A(N,µf ) = fa/A(N,µ) exp
[∫ µf
µ
dµ′
µ′
(−2Γcusp(αs(µ′)) ln N¯ + 2γa(αs(µ′))] .(2.25)
Substituting this relation into Eq. (2.4) gives the factorized cross section with arbitrary
factorization scale, simply by absorbing this exponential into the moments of the coefficient
function C˜aa¯, which near partonic threshold is given in momentum space by the refactorized
form, Eq. (2.7). The Mellin moment of the inclusive cross section factorizes into products
of moment-space parton distributions times hard-scattering functions, Eq. (2.4). Following
[33], one may invert the products of these functions, choosing a contour that passes between
the logarithmic branch cuts at negative real N and the running coupling branch cuts at
large real N , intersecting the real axis at Re(N) = n0 > 0 within the specified range. The
presence of the right-hand branch cut leads in general to contributions with τ > 1 which,
however, are exponentially suppressed in the hard scale.
The “minimal” prescription [33] just described may be represented as
dσ
(a)
AB→M (S,M
2)
dM2
= σaa¯0 (S,M
2)
∑
a↔a¯
∫ n0+i∞
n0−i∞
dN
2pii
τ−N L˜aa¯(N,µf )
× C˜ [dQCD]aa¯
(
N,
M
µf
, αs(µf )
)
, (2.26)
where we exhibit only those partonic channels that require threshold resummation, and
where from Eq. (2.18), taking µ = M there, we have
C˜
[dQCD]
aa¯
(
N,
M
µf
, αs(µf )
)
= Hˆaa¯
(
M
µf
, αs(µf )
)
× exp
{∫ 1
1/N¯
dy
y
[
4
∫ µf
yM
dq
q
Γcusp(αs(q)) − Dˆ (αs(yM))
]}
+ O(1/N) . (2.27)
In this expression we have absorbed part of the µf behavior into a modified hard scattering
function, Hˆaa¯, which is simply the short distance function in Eq. (2.7) multiplied by a factor
associated with the evolution of the parton distributions,
Hˆaa¯
(
M
µf
, αs(µf )
)
= exp
{
−
∫ µf
M
dµ′
µ′
4γa(αs(µ
′))
}
Haa¯ (1, αs(M)) . (2.28)
The exponential factor absorbs all µf dependence associated with the anomalous dimen-
sions γa = γa¯. The expansion of the transform of Eq. (2.27) will reproduce all leading-power
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singularities in 1 − z to an order limited only by our knowledge of the anomalous dimen-
sion Γcusp, the resummation function, Dˆ and the overall function Hˆ. Of course, to this
expression we must add terms that are nonsingular for z → 1 by matching.
The effective theory approach of Ref. [14] inverts moments of the soft function directly,
before combining with the parton distribution functions. The cross section at arbitrary
factorization scale µf is just a restatement of Eq. (2.4) with the SCET coefficient function,
dσ
(a)
AB→M (S,M
2)
dM2
= σaa¯0 (S,M
2)
∑
a↔a¯
∫ 1
τ
dz
z
Laa¯
(τ
z
, µf
)
C
[SCET ]
aa¯→M (z,M, µf , µs) .(2.29)
In this case, the perturbative coefficient function is given at leading power in 1 − z by
combining the coefficient at scale µ, Eq. (2.21) with the evolution factor Eq. (2.25),
C
[SCET ]
aa¯→M (z,M, µf , µs) = Haa¯
(
M
µ
,αs(µ)
) ∫ n0+i∞
n0−i∞
dN
2pii
z−N
× exp
[∫ µf
µ
dµ′
µ′
(−4Γcusp(αs(µ′)) ln N¯ + 4γa(αs(µ′))] S˜[SCET ]aa¯ ( MN¯µ, αs(µ), µs
)
.
(2.30)
The result is formally independent of the starting factorization scale, µ, which now plays
the role of the “hard [matching] scale” in the effective theory treatment of Ref. [14]. When
N dependence in the boundary condition has been replaced by a series of derivatives, the
inverse transform from N to 1− z can be done explicitly, to give
C
[SCET ]
aa¯ (z,M, µ, µf , µs) =
Haa¯
(
M
µ
,αs(µ)
)
exp
[
−4Scusp (µs, µ) + 2αγW (µs, µ) + 4αγa(µ, µf ) + η(µs, µf ) ln
M2
µ2s
]
× S˜aa¯
(
ln
M2
µ2s
+
∂
∂η(µs, µf )
, µs
)
e−2γEη(µs,µf ) (1− z)2η(µs,µf )−1
Γ (2η(µs, µf ))
, (2.31)
where in the exponential, the functions Scusp(µs, µ) (not to be confused with S˜aa¯), αγW(µ, µf )
and η(µs, µf ) are given in Eqs. (2.22) and (2.23). The resummed cross section is then found
directly in momentum space from Eq. (2.29).
In the treatment of the effective theory described in Ref. [14], the soft scale µs is chosen
to stabilize the hadronic cross section when Saa¯ is known to fixed order. Notice that, in
contrast to the dQCD result, Eq. (2.27), the leading powers in logarithms, αks ln
2k−1(1 −
z), are reproduced in the SCET result, Eq. (2.31), only to the order at which the soft
function has been computed. Beyond this order, leading logarithms in 1 − z are replaced
by combinations of logarithms of 1− z and µs, as observed for example in [34]. This need
not be a problem, so long as the range 1 − µs/M < z < 1 is not phenomenologically
important for the specific parton luminosity under consideration.
To close this section, we summarize by comparing Eqs. (2.26) for dQCD and (2.29)
for SCET. When expanded in powers of αs, the dQCD minimal prescription reproduces
leading and subleading logarithms in 1 − z at all orders in perturbation theory, without
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introducing explicit nonperturbative parameters. Of course the choice of Mellin inversion
transform of Eq. (2.26) that makes it possible to sum these terms is itself a particular choice
of nonperturbative information. The effective theory resummation avoids the potential
Landau pole in its application to hadronic cross sections. It does so by replacing leading
logarithms of 1−z beyond the lowest orders with a mixture of logarithms of 1−z and µs/M ,
so that it remains strictly perturbative. In Secs. 4 and 5 we will explore the consequences of
these rather different choices. First, however, we relate our previous resummed exponents
to exponents written in terms of inverse Mellin moments and plus distributions in the
dQCD formalism.
3 The soft function as an exponentiated Mellin moment
We have rederived in Eq. (2.27) one of the basic dQCD forms for threshold resummation in
correspondence to the effective theory treatment, but there is another form of the resummed
cross section, which bears further comparison here. In this form, the coefficient function
Caa¯ of Eq. (2.4) is given as the exponential of an explicit Mellin moment [4, 5],
C˜
[dQCD]
aa¯
(
N,
M
µf
, αs (µf )
)
= Hˆaa¯
(
M
µf
, αs(µf )
)
S˜aa¯
(
M
N¯µf
, αs(µf )
)
= H˜aa¯
(
M
µf
, αs(µf )
)
exp
{∫ 1
0
dz
zN−1 − 1
1− z
×
[
4
∫ (1−z)M
µf
dµ′
µ′
A
(
α
(
µ′
))
+D (α ((1− z)M))
]}
, (3.1)
where the factorization scale dependence of the hard scattering function, Hˆaa¯ is given
in Eq. (2.28). In the second line we have changed Hˆaa¯ to H˜aa¯ because, as we shall see
below, part of the N -independent term in the soft function Saa¯ has been absorbed. All
leading, as well as many non-leading, logarithms of N in Eq. (3.1) are generated by the
“universal” anomalous dimension, A(αs) = Γcusp(αs), which is defined by the singular
term, 2A(αs)/(1 − x)+, in diagonal DGLAP evolution (parton a here), or alternatively
the coefficient of lnN in moment space, see Eq. (2.24). The function, D(αs) generates the
remainder of non-leading logarithms of N . It is clearly related to the function Dˆ(αs) in Eq.
(2.16), and we will rederive the rather complex expression for this relation, given in [13].
We will also rederive Eq. (3.1) below from our previous considerations. This will enable us
to give a direct interpretation of D(αs) in terms of the soft function, Saa¯ in z space that
is as natural as the definition of Dˆ(αs) in Eq. (2.17), which is formulated in terms of the
soft function, S˜aa¯ in N -space.
3.1 Evolution for the exponent
To derive Eq. (3.1), we consider the logarithm of the moment space soft function,
E˜
(
ln
M
N¯µ
, αs(µ)
)
≡ ln
[
S˜
(
ln
M
N¯µ
, αs(µ)
) ]
. (3.2)
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The function E˜ can be defined as the sum of a set of modified perturbative diagrams, so-
called “webs” [27–29], which are discussed in the context of resummation in Ref. [31]. We
will not reproduce their explicit construction here, but only emphasize that they provide
a well-defined perturbative expansion that begins at order αs with single gluon exchange
and emission.
The inverse transform of E˜ to momentum space is
E
(
1− z, M(1− z)
µ
, α(µ)
)
=
∫ n0+i∞
n0−i∞
dN
2pii
z−N E˜
(
ln
M
N¯µ
, α (µ)
)
=
∫ n0+i∞
n0−i∞
dN
2pii
eN(1−z) E˜
(
ln
M
N¯µ
, α (µ)
)
+ O ((1− z)0) . (3.3)
Applying the inverse Laplace transform to the evolution equation (2.14) for E˜ = ln S˜,
we also derive an evolution equation for the same momentum space the web function, E,
accurate to leading power in 1− z,
d
d lnµ
E
(
1− z, M(1− z)
µ
, α(µ)
)
=
[
−4Γcusp (α(µ)) ln M
µ
− 2γW (α(µ))
]
δ(1− z)
− 4Γcusp (α(µ))
(
1
1− z
)
+
. (3.4)
A general solution to this equation for z < 1 is
E
(
1− z, M(1− z)
µ
, α(µ)
)
= E (1− z, 1, αs((1− z)M))
− 4
1− z
∫ µ
(1−z)M
dµ′
µ′
Γcusp
(
αs(µ
′)
)
, (3.5)
where we have used the natural scale (1− z)M as the starting point of evolution. Setting
µ = M and taking the Mellin moment of E(1 − z), we derive precisely the form of the
exponent in Eq. (3.1) up to a constant that multiplies δ(1−z) (and to which we will return
in the next subsection),
D (α ((1− z)M))
1− z = E (1− z, 1, αs((1− z)M)) for 1− z > 0 . (3.6)
We can confirm the overall factor 1/(1− z) in the web function, E by a simple dimensional
analysis of the second equality of Eq. (3.3). Comparing Eqs. (3.6) and (3.5), we recognize
D(αs)/(1 − z) as the remainder of the web function when the soft function is collinear-
subtracted (or equivalently, UV renormalized [11]) at scale (1 − z)M . This definition of
the D term in Eq. (3.6) reproduces the Drell-Yan D(2) coefficient [35] from the two-loop
result for the soft function in [11].
We note that Eq. (3.6) for function D(αs) is comparable in simplicity to the definition
of Dˆ in Eq. (2.17), and gives a transparent interpretation of D in terms of the non-local soft
function. This is to be contrasted to the relative complexity of the relationship between D
and Dˆ, found by comparing Eqs. (3.1) and (2.16), [13]
Dˆ(αs) = e
2γE∇Γ (1 + 2∇)D (αs) + e
2γE∇Γ (1 + 2∇)− 1
∇ 2A (αs) , (3.7)
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where following the notation of [14] we define
∇ ≡ d
d lnµ2
≡ β(αs(µ))2 ∂∂αs(µ) . (3.8)
The action of the derivatives ∇ is interpreted through a Taylor expansion, keeping in mind
that each derivative acts only on the running coupling and therefore promotes the order in
αs. For completeness, we re-derive Eq. (3.7) in Appendix A.
From Eq. (3.7) in combination with the expression for Dˆ in Eq. (2.17) we obtain the
differential identity found in [14] relating the D function to the anomalous dimension γW
and the soft function in moment space,
e2γE∇Γ (1 + 2∇) D (αs)
2
= γW (αs) +∇ ln S˜ (0, αs)− e
2γE∇Γ (1 + 2∇)− 1
∇ A (αs) . (3.9)
The complexity of this expression compared to Eq. (3.6) is precisely due to using the
moment-space soft function S˜ (evaluated at µ = M/N¯) on the right-hand side in an
expression for the momentum space function D(αs) on the left.
3.2 Order-by-order structure of the exponent
We can gain further insight into the D function and its relationship to the soft function non-
leading anomalous dimension, γW in Eq. (2.14), by studying the order-by-order expansion
of the full exponent, E, Eq. (3.2). We start by expanding E at µ = M [36, 37],
E(1− z, 1− z, αs(M)) =
∫ n0+i∞
n0−i∞
dN
2pii
eN(1−z) E˜
(
ln
1
N¯
, αs (M)
)
= F (αs (M)) δ(1− z) +D (αs (M))
(
1
1− z
)
+
+
∞∑
k=1
E(k) (αs (M))
(
lnk(1− z)
1− z
)
+
. (3.10)
We will see that the function D(αs) here turns out to be the same function as above. The
expansion for general choice of scale µ is found from a change of variable in the inverse
transform,
E
(
1− z, (1− z)M
µ
,αs(µ)
)
=
∫ n0+i∞
n0−i∞
dN
2pii
eN(1−z) E˜
(
ln
M
N¯µ
, αs (µ)
)
=
M
µ
∫ n0+i∞
n0−i∞
dN ′
2pii
e
N ′M(1−z)
µ E˜
(
ln
1
N¯ ′
, αs (µ)
)
=
M
µ
∫ n0+i∞
n0−i∞
dN ′
2pii
eN
′(1−z′) E˜
(
ln
1
N¯ ′
, αs (µ)
)
, (3.11)
where in the third equality we have defined
1− z′ ≡ (1− z)M
µ
. (3.12)
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The inverse transform in final line of (3.11) has the same form as in (3.10), but now the
distributions in its expansion are in terms of 1 − z′ rather than 1 − z. In particular, the
resulting plus distributions are defined to give zero when integrated from z′ = 0 to z′ = 1,
rather than from z = 0 to z = 1. The relations between the two sets of distributions are,
however, simple,
δ(1− z′) = µ
M
δ(1− z) ,(
lnk(1− z′)
1− z′
)
+
=
µ
M
[ (
lnkM(1− z)/µ
1− z
)
+
+
lnk+1M/µ
k + 1
δ(1− z)
]
. (3.13)
In these terms, the web function, Eq. (3.11) is equal to Mµ times Eq. (3.10), with 1 − z
replaced by 1− z′,
E
(
1− z, (1− z)M
µ
,αs(µ)
)
=[
F (αs(µ)) +D(αs(µ)) ln
M
µ
+
∞∑
k=1
E(k)(αs(µ))
lnk+1M/µ
k + 1
]
δ(1− z)
+D(αs(µ))
(
1
1− z
)
+
+
∞∑
k=1
E(k)(αs(µ))
(
lnkM(1− z)/µ
1− z
)
+
. (3.14)
Now by imposing µ = M(1− z) in (3.14) for z 6= 1 we rederive Eq. (3.6) in the form
E (1− z, 1, αs((1− z)M)) = 1
1− z D (αs(µ)) . (3.15)
By demanding that the µ derivative of the delta function terms in the general expansion,
(3.14), coincide with the delta function part of the evolution equation for the exponent
(3.4), with µ = M , we immediately find as well an expression for γW (αs),
γW (αs(µ)) = − 1
2
[
µ
d
dµ
F (αs(µ)) − D(αs(µ))
]
, (3.16)
in terms of the D function and the z-independent terms in the expansion of the exponent,
Eq. (3.14). Again, the simplicity of this relation relative to Eq. (3.9) results from working
consistently in z space. This relation is in fact the same as Eq. (4.4) in Ref. [37], if we
apply the relation Eq. (44) in [14] and make the assumption
G˜ = −γV . (3.17)
By comparing explicit coefficients, we checked that Eq. (3.17) holds true up to 3-loop
order.
4 Logarithmic accuracy in the partonic cross section
The partonic cross section is a special case of the hadronic cross section, with parton
distributions replaced by delta functions. The relationship between dQCD and SCET
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coefficient functions has been studied in both [14] and [21], where a pattern of agreement
was demonstrated, when the soft scale µs is chosen asM/N¯ in moment space. Certainly, the
moment space equality is already implicit in the comparison of the dQCD and SCET soft
function, Eqs. (2.16) and (2.19), respectively. It will be instructive, however, to follow the
lead of [21] as applied to the coefficient functions and partonic cross sections, to illustrate
how the soft function evolution equation Eq. (2.14) organizes the relationship between the
SCET and dQCD coefficients for all choices of scales. In this section we hope to clarify
further this agreement at the partonic level, relying on the evolution equation for the
exponential function, Eq. (3.4). As in Ref. [21], we shall choose µf = M = µ, where our µ
corresponds to the SCET hard matching scale, µh in Ref. [14].
From the refactorized expression, Eq. (2.7) and the soft function (2.19), the hard
scattering function in the effective theory treatment can be written in terms of the single
hard scale, M , and the (so far arbitrary) soft scale µs, as
C˜
[SCET ]
aa¯ (N,M,µs) = Haa¯ (αs(M)) S˜aa¯
(
ln
M
N¯µs
, µs
)
× exp
∫ M
µs
dµ′
µ′
[
−4Γcusp
(
α(µ′)
)
ln
M
N¯µ
− 2γW
(
α(µ′)
)]
. (4.1)
As noted in Sec. 2, C˜
[SCET ]
aa¯ is in principle independent of µs at all orders, but since we are
interested precisely in the effect of taking only finite orders in S˜aa¯, we introduce the soft
scale as an additional argument. Also, from Sec. 2, we may assume for this discussion that
C˜
[SCET ]
aa¯
(
N,M,µs = M/N¯
)
= C˜
[dQCD]
aa¯ (N,M) . (4.2)
This follows from Eq. (2.20), assuming that the hard-scattering functions Haa¯ are handled
identically.
In any case, once the hard-scattering functions are treated equivalently, Eq. (4.2) holds
up to 1/N corrections when the two sides are evaluated to all orders, and up to subleading
logarithmic corrections when the two sides are truncated to finite order. However, Eq.
(4.2) does not immediately imply that partonic cross sections from the two methods agree,
given that the transformations back to z space are handled differently. To demonstrate
their agreement, we will follow the method of [21, 22], which investigates the difference
between SCET and QCD predictions in terms of the ratio of their resummed moments.
The ratio of the QCD moment to SCET moment for arbitrary µs is [21]
C˜r,(aa¯)
(
ln
M
N¯µs
, αs(µs)
)
=
C˜
[dQCD]
aa¯ (N,M)
C˜
[SCET ]
aa¯ (N,M,µs)
=
C˜
[SCET ]
aa¯
(
N,M,µs = M/N¯
)
C˜
[SCET ]
aa¯ (N,M,µs)
, (4.3)
where if calculated to all orders, Cr,(aa¯) would equal 1 identically. The reorganization of
the effective theory, however, breaks this identity, and we would like to know at what
logarithmic order this begins.
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Subsitituting Eq. (4.1) into Eq. (4.3) allows us to derive the explicit form,
C˜r,(aa¯)
(
ln
M
N¯µs
, αs(µs)
)
= exp
∫ µs
M/N¯
dµ
µ
{
−4Γcusp (α(µ)) ln M
N¯µ
− 2γW (α(µ))
−µ d
dµ
ln
[
S˜aa¯
(
ln
M2
N¯2µ2
, µ
)]}
, (4.4)
an expression that manifestly reduces to unity when µs = M/N¯ . We have promoted the
ratio of soft functions evaluated at scales µs and M/N¯ into an integral of their logarithmic
derivative between these values, in the spirit of Eq. (2.16) above. Eq. (4.4) generalizes
the “master formula” of Ref. [21] beyond NNLL. Now, in Eq. (4.4), the integrand in
the exponent vanishes when S˜, Γcusp and γW are evaluated to all orders, because of the
evolution equation for the soft function in moment space, Eq. (2.14). However, for NkLL
resummation in the effective theory treatment of Ref. [14], Γcusp, γW , and S˜aa¯ are truncated
at order αk+1s , α
k
s and α
k−1
s , respectively. In this case, the cancellation in the integrand
for general µs is only exact up to order α
k−1
s , and the exponent becomes non-zero at order
αks , including leading logarithmms, α
k
s ln
2kN . This corresponds to the observation in [21]
that at NNLL, Cr − 1 starts at order α2s. For NkLL resummation in the convention for
dQCD resummation described in [21], we would want to use S˜aa¯ to one higher order, α
k
s .
In this case the moment ratio Cr deviates from unity beginning at order α
k+1
s , including
leading terms that behave as αk+1s ln
2(k+1)N . This corresponds to the observation in [22]
that Cr − 1 starts at α3s order for NNLL resummation in the dQCD convention.
It is now instructive to revisit the method that leads to the effective theory coefficient
function, Eq. (2.31), using the ratio Cr defined in Eq. (4.3). We first rewrite the SCET
result slightly, moving explicit (1− z)-dependence to the left of the soft function S˜aa¯, Eq.
(2.21), which leads to
C
[SCET ]
aa¯ (z,M, µs) = Haa¯ (αs(M)) exp [−4Scusp (µs,M) + 2αγW (µs,M)]
× 1
(1− z)1−2η(µs,M)
(
M2
µ2s
)η(µs,M)
× S˜aa¯
(
ln
M2(1− z)2
µ2s
+ ∂η(µs,M), α (µs)
)
e−2γEη(µs,M)
Γ (2η(µs,M))
. (4.5)
Now, by Eq. (4.3), the QCD coefficient function is of exactly the same form as the SCET
coefficient, Eq. (4.1), but with S˜aa¯ replaced by C˜r × S˜aa¯, where both C˜r and S˜aa¯ depend
on the moment variable only through the ratio Nµs/M . As a result, the direct QCD
coefficient function can be written as
C
[dQCD]
aa¯ (z,M) = Haa¯ (αs(M)) exp [−4Scusp (µs,M) + 2αγW (µs,M)]
× 1
(1− z)1−2η(µs,M)
(
M2
µ2s
)η(µs,M)
C˜r,(aa¯)
(
ln
M2(1− z)2
µ2s
+ ∂η, α (µs)
)
× S˜aa¯
(
ln
M2(1− z)2
µ2s
+ ∂η, α (µs)
)
e−2γEη(µs,M)
Γ (2η(µs,M))
. (4.6)
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For the partonic cross section, we can set µs = M(1 − z) to eliminate logarithms in Eq.
(4.5). With this scale setting, the large logarithm appearing in C˜r in Eq. (4.6) is also
eliminated. Since S˜aa¯ is evaluated to α
k−1 (µs), while C˜r only deviates from 1 starting at
order αk (µs), we conclude that with the choice µs = M(1 − z), the SCET partonic cross
section agrees with the QCD partonic cross section up to subleading logarithms in moment
space.
The correspondence between dQCD and the SCET formalism in momentum space
when µs = M/N¯ to next-to-next-to-leading logarithm is worked out explicitly in [21].
Even at leading logarithms, however, it is useful to illustrate the difference between the
resummed results at arbitrary µs, and their agreement for µs = M(1−z). At fixed coupling
and leading logarithm, the SCET resummed coefficient function is found by isolating the
leading terms of the general form, Eq. (2.31), and recalling the O(αs) results of Eqs. (2.22)
and (2.23),
C
[SCET ]
aa¯ (z,M, µs) = δ(1− z) + 4Ca
αs
pi
ln(µs/M)
1− z
× exp
[
2Ca
αs
pi
ln
µs
M
(
2 ln(1− z)− ln µs
M
)]
+ NLL . (4.7)
For comparison, the dQCD coefficient in z space can be found directly by the inverse
moment of Eq. (2.27), keeping only the lowest-order term from Γcusp (the case k = 0), to
get
C
[dQCD]
aa¯ (z,M) = δ(1− z) + 4Ca
αs
pi
ln(1− z)
1− z exp
[
2Ca
αs
pi
ln2(1− z)
]
+ NLL . (4.8)
As expected, these two expressions coincide exactly for µs = M(1 − z), and as we have
observed, Eq. (4.4) shows that this result extends to arbitrary logarithmic order, when
more orders are included in the exponent. In the SCET LL example of Eq. (4.7), for fixed
values of µs, however, the O(αs) singular behavior [ln(1− z)/(1− z)]+ is absent, and the
two expressions agree only at zeroth order. This illustrates the general pattern, that for
NkLL resummation with k ≥ 1, the SCET resummed coefficient contains explicit leading
logs of 1−z up to order αk−1, while at higher orders leading logarithms of 1−z are replaced
by monomials in logs of µs/M and 1− z.
In summary, at the specific choice µs = M(1 − z), the effective theory and direct
QCD resummations can be regarded as essentially equivalent at the partonic level. When
µs is taken as a fixed quantity for hadronic cross sections, however, the situation is more
complex. We turn to this comparison in the next section.
5 Comparing resummed hadronic cross sections
In this section we explore the relationship between dQCD and SCET hadronic cross sec-
tions, and show that their difference can be quantified in terms of an expansion of the
partonic luminosity function, Laa¯(τ/z), Eq. (2.1). The leading term in this expansion
turns out to be identical in dQCD and SCET for a natural choice of the soft scale, µs, up
to other choices involving non-threshold corrections. We will see that in many practical
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cases corrections beyond the leading term are small, further subleading both in order of αs
and of logarithms. This can be the case for nearly the full range of the variable τ .6
It is already clear from Eq. (2.1) that, if the parton luminosity function Laa¯(τ/z) is
given by a single power of τ/z, the hadronic cross section is approximately proportional to
a simple moment of the hard scattering function [14] (see also [38] for a similar conclusion
derived from the saddle point approximation for the Mellin inversion integral). In this
approximation, we know from Eq. (2.20) that the hadronic cross sections of the dQCD
and SCET formalisms will be equal if the SCET soft scale is taken as µs = M/s¯1, with
s1 the effective power. Thus, if such a criterion is adopted to determine µs, the resummed
cross sections will agree exactly. In practice, of course, this “single power approximation”
is subject to finite corrections. We will show that such corrections are rather small for
a wide range of τ , and can be incorporated systematically into both dQCD and SCET
formalisms. Indeed, we will also see that these corrections produce differences between
dQCD and SCET resummed hadronic cross sections only at subleading logarithmic order
when µs is chosen as above. Note that this agreement will extend beyond the resummed
expression to the fully-matched cross section, because the fixed-order moments in the two
formalisms will agree automatically to the level that matching has been carried out.
In the following, we first describe the consequences and test the validity of the single
power approximation. We go on to describe the expansion for partonic luminosity in which
the single-power approximation is the leading term. We will conclude with some tests of
the expansion in realistic cases, comparing the SCET and dQCD formalisms in the process.
5.1 The single-power approximation
Let us imagine that the parton luminosity really is exactly power-behaved. This is our
“single-power approximation”, for parton a,
Laa¯
(τ
z
)
= const
[τ
z
]−s1(τ)
= Laa¯(τ) zs1(τ) , (5.1)
where s1 depends in general on the parton flavor a. For the remainder of this section,
we drop partonic indices. As indicated, parameter s1 is a function of τ (and also of the
factorization scale, which we suppress). For such a luminosity, L(τ/z), convolution with
the corresponding partonic hard scattering coefficient C(z) in Eqs. (2.1) and (2.4) can be
identified with the s1-Mellin moment of C(z),
dσ(τ)
dM2
= σ0
∫ 1
τ
dz
z
L
(τ
z
)
C(z)
= σ0 L(τ)
∫ 1
τ
dz
z
zs1(τ)C(z) (5.2)
= σ0 L(τ) C˜ (s1(τ)) + O (τ s1) . (5.3)
In the final equality we have assumed
1/s1  ln 1
τ
, (5.4)
6Reference [17] also studies the relation of parton distribution shapes to threshold resummation within
an SCET formalism.
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Figure 1. Plots of correction factors τs1 in Eq. (5.3) for gluon-gluon luminosities from Ref. [39].
The solid line represents factorization scale 126 GeV and dashed line 10 GeV.
which implies that for z ∼ τ , the integrand is suppressed by a factor τ s1  1. This
ensures that the effect of the nonzero lower limit z > τ in Eq. (5.3) is negligible, so that
(5.3) becomes the full Mellin moment. The property τ s1  1 is illustrated for a realistic
gluon-gluon luminosity (which will be from the MSTW 2008 NNLO gluon distribution
[39] throughout the rest of this paper) in Fig. 1, with s1 the logarithmic derivative s1 ≡
d lnL(y)/d ln y at y = τ . It can also be verified for almost the entire range of τ for realistic
qq¯ luminosities. Note that it does not by itself require s1 to be a large number if τ is small.
Correspondingly, it is natural to expect that s1 grows as τ increases.
The argument leading to Eq. (5.3) applies to any hard-scattering function, whether
derived by dQCD or effective theory. Then, if different resummations for C(z) agree at the
level of moments (which we have seen to be the case when we choose µs = M/s¯1 above),
they should agree phenomenologically.7
To estimate corrections, we consider the Taylor expansion of lnL(τ/z), the logarithm
of the luminosity, around partonic threshold, z = 1,
lnL
(τ
z
)
=
∞∑
n=0
1
n!
sn(τ) ln
n z , (5.5)
with
sn(τ) = (−1)n d
n lnL(τ ′)
d lnn τ ′
∣∣∣∣∣
τ ′=τ
. (5.6)
Now s1 describes the power behavior of L when z is close enough to z = 1. This single-power
approximation to the luminosity will give a good approximation to the entire resummed
7 A technical observation is that the dQCD “minimal prescription” described above in connection with
Eq. (2.26), which is taken to the left of the Landau pole in N space, does not strictly speaking result
in a convolution in the form of Eq. (5.3) We can, however, safely neglect such exponentially-suppressed
corrections in this discussion, and we will confirm that they are negligible in the cases we consider.
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cross section if L(τ/z) becomes small by the time the higher order terms proportional to
sn, n ≥ 2 become comparable to the first term in the expansion.
To get a more quantitative sense of the requirements for the single power approxima-
tion, we note that the luminosity L decreases by a factor (1/e)p when ln 1z ∼ p/s1(τ). For
the power zs1 to dominate until L becomes small, we need
|rn|  1 , rn ≡ 1
n!
sn(τ)
[s1(τ)]
n , n ≥ 2 , (5.7)
for all relevant values of n. We will argue that this is a common feature of realistic parton
distributions.
A particularly simple example is a model function that reflects the steep decline of
parton luminosities [8, 14, 40], as
L(τ ′) = A(1− τ ′)β, (5.8)
for β  1. From Eq. (5.6) we have for the first logarithmic derivative
s1(τ) = β τ/(1− τ) . (5.9)
Clearly, the sn remain linear in β when n ≥ 2. Therefore rn, the measure of convergence
in Eq. (5.7), is proportional to β−(n−1), which is generically suppressed. Indeed, as long
as βτ > 1, the logarithmic expansion (5.5) of the luminosity converges, and we expect
|rn|  1 to hold quite generally, for τ > 1/β, not only for τ → 1. Assuming this to be the
case, Eq. (5.3) is a good approximation, and dσ/dM2 is proportional to a specific moment
of the hard-scattering cross section. In the effective theory treatment, a scale choice that
eliminates large logs from the soft function is µs = M/s¯1 = M(1− τ)/(β τeγE ), similar to
the estimate of Ref. [14] for this same luminosity.
More realistic models of parton luminosities can be constructed from model parton
distributions like
f(x) = C x−δ (1− x)β . (5.10)
We can test the single-power approximation explicitly in this case as well, using that the
convolution of two such distributions gives a luminosity of hypergeometric form,
L(τ ′) = C2B(β + 1, β + 1) τ ′−δ (1− τ ′)2β+1 F2,1 (β + 1, β + 1; 2β + 2; 1− τ ′) . (5.11)
We show in Appendix A that this luminosity is again dominated by a single power, both
for small τ , even with a moderate power, δ = O(1), and for all τ when β  1.
We next test condition (5.7) for n = 2, |r2|  1, for a fully realistic parton distribution.
We show in Fig. 2 |r2| = |s2|/(2s21) for the gluon-gluon luminosity as a function of τ for
µf = 10 GeV and 126 GeV. In both cases the ratio satisfies |r2|  1 for all τ up to 0.5,
even where s1 is not large. The slope itself, s1, is shown in Fig. 3. Luminosity functions
arising from valence quark distributions, for example, the uu¯ luminosity function, also
satisfy |r2|  1. It is therefore natural to conclude that for many, probably most, cases
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Figure 2. The ratio |r2|, Eq. (5.7) , as a function of τ for the gluon distributions of Fig. 1.
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Figure 3. The first logarithmic derivative, s1, Eq. (5.6), as a function of τ for the gluon distribution
of Fig. 1.
of phenomenological interest, the effective power s1(τ) determines the dominant moment,
and consequently an effective soft scale, µs = M/s¯1(τ).
In Fig. 4, which is analogous to Fig. 1 of [14], we give a logarithmic plot of the gluon-
gluon luminosity versus ln(τ0/z), with τ0 = (126 GeV/8 TeV)
2 ≈ (1/8)4, characteristic
of 126 GeV (=µf ) Higgs boson production in proton-proton collisions at center-of-mass
energy 8 TeV. The linear approximation is accurate while the luminosity decreases over
several factors of e. In this case, the first derivative in the Taylor expansion (5.5) evidently
dominates the second over an adequate region, even though the first derivative itself is not
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Figure 4. Logarithmic plot of gluon luminosity with its single-power approximation approximation
very large.
5.2 Corrections to the single power approximation
Having shown the equality of dQCD and SCET threshold resummations in the single-power
approximation, we turn to corrections. These are associated with coefficients, sn, n > 1 in
Eq. (5.5), in terms of which the luminosity function can be written as
L
(τ
z
)
= L (τ) zs1 exp
[
1
2
s2 ln
2 z +
1
6
s3 ln
3 z +
1
24
s4 ln
4 z + . . .
]
= L (τ) zs1
[
1 +
1
2
s2 ln
2 z +
1
6
s3 ln
3 z +
(
1
8
s22 +
1
24
s4
)
ln4 z + . . .
]
. (5.12)
This expansion enables us to refine the expression for the hadronic cross section in Eq.
(5.3) as
dσ(τ)
dM2
= σ0
∫ 1
τ
dz
z
L
(τ
z
)
C(z)
= σ0
∫ 1
0
dz
z
L
(τ
z
)
C(z) + O (L(τ)τ s1)
= σ0 L (τ)
∫ 1
0
dz
z
zs1
[
1 +
1
2
s2 ln
2 z + · · ·
]
C(z)
= σ0 L (τ)
[
C˜ (s1) +
1
2
s2 C˜
′′ (s1) + · · ·
]
, (5.13)
where for simplicity we keep only s1 and s2 terms in the expansion. Using(
d
ds1
)2
=
1
s21
[(
d
d ln s1
)2
− d
d ln s1
]
, (5.14)
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we have
dσ(τ)
dM2
= σ0L (τ)
{
1 + r2
[(
d
d ln s1
)2
− d
d ln s1
]
+ . . .
}
C˜ (s1) , (5.15)
where r2 = s2/2s
2
1 as in Eq. (5.7). Corrections to the single-moment approximation in Eq.
(5.3) are thus suppressed by powers of ln s1 as well as by the coefficients rn, defined in
(5.7). The convergence of Eq. (5.13) as a series is thus quantifiable.
We can also test differences between SCET and dQCD in the new expansion. Applying
(5.13) to the difference between SCET and dQCD resummed moments with soft scale
µs = M/s¯1 in the former, we obtain
1
σ0L(τ)
[
dσ(τ)
dM2
[SCET ]
(
τ, µs =
M
s¯1
)
− dσ(τ)
dM2
[dQCD](τ)
]
≈
{
1 + r2
[(
d
d ln s1
)2
− d
d ln s1
]}[
C˜ [SCET]
(
s1, µs =
M
s¯1
)
− C˜ [dQCD](s1)
]
=
{
1 + r2
[(
d
d ln s1
)2
− d
d ln s1
]}[
C˜−1r
(
ln
M
s¯1µs
, αs(µs)
)
− 1
]
C˜ [dQCD] (s1) , (5.16)
where we have used the moment ratio Eq. (4.3) in the second equality. Recall from Sec.
4 that the moment ratio C˜r deviates from unity only starting at order α
k
s in the case
of NkLL resummation, when the soft function is computed to order αk−1s . We can then
expand (5.16) as
1
σ0L(τ)
[
dσ(τ)
dM2
[SCET ](
τ, µs =
M
s¯1
)
− dσ(τ)
dM2
[dQCD]
(τ)
]
≈
{
1 + r2
[(
d
d ln s1
)2
− d
d ln s1
]}∑
m≥k
∑
1≤n≤2m
Amnα
m
s ln
n M
s¯1µs
C˜ [dQCD] (s1) |µs=M/s1
=
s2
2s21
∑
m≥k
∑
1≤n≤2m
(2Am2 +Am1) α
k
s C˜
[dQCD] (s1) . (5.17)
In the final form, only the n = 1, 2 terms give non-zero contributions when µs = M/s¯1.
The leading term in Eq. (5.17) is thus of order Nk+1LL, that is, subleading compared to
the original calculation, in addition to its suppression by r2. This argument generalizes
straightforwardly to coefficients sn at any order. It implies that the difference between
dQCD and SCET resummed hadronic cross sections is of subleading logarithmic order,
and further suppressed in the luminosity expansion. This will be the case whenever the
perturbation expansion Eq. (5.13) is justified by the condition Eq. (5.7), which we have
verified for a variety of model and realistic parton distributions.
5.3 Cross section comparisons
From the discussion above, we expect that pQCD and SCET resummations should give very
similar numerical results, at least when the soft scale in the latter is chosen as M/s¯1. To
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test this, we compare dQCD and SCET resummations directly in a specific case, designed
to give a controlled numerical comparison between the two. To eliminate differences at
non-leading powers of 1 − z, we invert the Mellin transform numerically for both dQCD
and SCET as in Eq. (2.6), after multiplying by the moment of a fitted parton luminosity
function [41]. For the dQCD form, we use the contour specified by the minimal prescription.
We use Eq. (2.21) as the definition of the SCET coefficient function in moment space.8
We then use the identity C˜ [dQCD]
(
ln 1
N¯
, αs(M)
)
= C˜ [SCET ]
(
ln 1
N¯
, αs(M), µs =
M
N¯
)
, Eq.
(2.20), as the defintion of the dQCD resummed moment, again using Eq. (2.21) to ensure
that this relation is exactly satisfied in our numerical implementation, free of differences
at subleading powers of 1/N or 1 − z and subleading logarithms.9 Again, for the SCET
soft scale we use µs = M/ (s1e
γE ), with s1 determined numerically from the luminosity.
Otherwise, the moment inversion here is completely independent of the single power ap-
proximation. We emphasize that with this (or indeed any) N -independent choice of µs,
the SCET and dQCD coefficient functions are still completely different for orders beyond
α2s in the expansion of their corresponding NNLL resummations.
The resummations are performed to NNLL accuracy in the dQCD convention, that is,
taking sDY, Dˆ and γW in Eq. (2.21) to order α
2
s, Γcusp to order α
3
s, and using the 3-loop
running coupling. The following results are evaluated with only the resummed soft function.
We do not include constant factors such as the hard function with the effective top vertex
matching coefficient, and do not perform matching to fixed order. Therefore, the plots we
show are not intended as phenomenological predictions, but to serve as illustrations for the
points we have made previously.
Fig. 5 shows the fractional difference between SCET and dQCD resummed K-factors
(ratios to the Born process) for the same gluon distributions as above. We can see that the
difference is tiny, below 10−4 for LHC energies. This can be understood because first, the
ratio r2 = s2/(2s
2
1) that characterizes corrections to the single-power approximation is quite
small for small τ , as illustrated in Figs. 2 and 4, and second, its coefficient is of subleading
logarithmic order (N3LL in this case). This is also consistent with the observation in
Ref. [15], where much of the numerical difference between dQCD and SCET resummed
Higgs cross sections was traced to non-leading powers of 1 − z arising from the different
Mellin inversion methods. Computing both dQCD and SCET cross sections numerically
eliminates such differences, and the underlying difference between the two methods turns
out to be very small in this case.
The consistency of dQCD and SCET results again suggests that the single power
approximation should work well for either. Indeed, this turns out to be the case. Fig.
6a shows K-factors for the gluon fusion production of a 126 GeV Higgs, at 1-14 TeV
energies. The upper, dashed curve shows the K factor from the single power approximation,
that is, C˜dQCD (N = s1(τ),M). The lower, solid curve shows the dQCD prediction using
the full parton distribution. The full dQCD resummation agrees with the single power
approximation very well, even before the corrections of Eq. (5.15) to the latter. When
8The various functions, such as Scusp and η are found in the Appendix B of [14].
9An example of the latter are differences between the two expressions on the right-hand side of Eq.
(2.16) when γW and Dˆ are truncated to finite order.
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Figure 5. Relative difference between SCET resummation with µs = M/s¯1 and dQCD resumma-
tion for the 126 GeV Higgs K factor, at hadronic collisin energies from 1 to 14 TeV.
the correction associated with s2 in Eq. (5.15) is taken into account, the agreement is
impressive, as shown by the difference between the corrected single power and full dQCD
predictions plotted in Fig. 6b.
In summary, for Higgs production we have verified both the usefulness of the single-
power approximation, and the consequent consistency of the dQCD and SCET resum-
mation formalisms. Of course, the full implementation of these formalisms requires the
complete hard function and matching to fixed-order results, but this will not affect the
conclusion that the intrinsic difference between the two resummation methods is tiny in
the case of 126 GeV Higgs. Although we do not attempt a phenomenological study of other
cases here, the analytic arguments and parton luminosity plots in the previous subsections
seem strongly to suggest consistency between the two resummation methods over a wide
kinematic range. They suggest as well that the single power approximation often may be
a useful tool in its own right.
5.4 Soft scale comparisons
A widely used procedure in the SCET threshold resummation literature is minimizing
the correction from the one-loop soft function after convoluting with the parton lumi-
nosity function [14, 42]. The method of this paper suggests an alternative choice, µs =
M/ [s1(τ)e
γE ], based directly on the shape of the parton luminosity function. A previous
proposal, also based on the parton luminosity shape, in Ref. [17] suggests µs = λ
2M ,
where λ2 is defined by the consistency equation
λ2 =
∫ 1−λ2
τ
dz
z L
(
τ
z
)∫ 1
1−λ2
dz
z L
(
τ
z
) . (5.18)
We plot in Fig. 7 the soft scales µs obtained from the three methods, for a 126 GeV
Higgs produced from gluon fusion at hadronic collision energies from 1 TeV to 14 TeV.
We see that the method of this paper agrees with the method of minimizing one-loop soft
corrections within a few percent, and also agrees well with the method from [17], given
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Figure 6. (a) Plot of 126 GeV Higgs resummed gluon fusion K factor, omitting the hard function,
from dQCD and the corresponding single power approximation without s2 correction. (b) Differ-
ence between same full resummed K factor and corresponding single power correction with its s2
correction.
that, in practice, scales are varied up and down by a factor of 2, which is much larger than
the differences shown in the figure.
For Higgs and Drell-Yan, the one-loop soft function is proportional to 2 ln2[M2/(N¯2µ2s)]+
pi2/3 [14, 15], which is clearly minimized at µs = M/s¯1 to the extent that the single-power
approximation is valid. This explains the close agreement we observe.
5.5 Threshold suppressed differences
As shown in [15], the choice of (1−z)-suppressed terms in the widely used inversion formula
in SCET differs from exact Mellin invesion, to a first approximation, by an extra factor
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Figure 7. Soft scales for inclusive Higgs production obtained from minimizing the one-loop soft
correction [15] (using contour Mellin inversion), from the s1(τ) variable in the method of this paper,
and from a method proposed in [17].
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Figure 8. Soft scales obtained from minimizing the one-loop soft correction using the SCET
inversion formula of [14], and from the s1(τ) − 1/2 variable in the method of this paper, for the
production of a 126 GeV Higgs at various energies.
of 1/
√
z, accounting for more than 70% of the difference between threshold enhancements
for the Higgs total cross section from dQCD and SCET threshold resummations. In the
framework of the single power approximation, this replaces the power s1 in Eq. (5.2) by
s1−1/2, giving us a result that is approximated by C˜(s1−1/2) instead of C˜(s1). In Fig. 8
we plot the comparison between the modified soft scale we predict, µs = M/ [(s1 − 1/2)eγE ],
and the soft scale found by minimizing the one-loop soft correction using the widely adopted
SCET inversion formula instead of contour Mellin inversion. The modified single power
approximation agrees with the result of minimizing the one loop correction [15] within a
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few percent.
Given that s1 is often not very large (about 1.8 for a 126 GeV Higgs from 14 TeV
collisions), this downshift of s1 by 1/2 should generally lead to milder threshold enhance-
ment. This effect is present in Ref. [15] for Higgs production, and in Ref. [14] for the
Drell-Yan process in certain parameter regions. An important dependence on threshold-
suppressed factors has also been observed in the recent calculation of the gluon fusion Higgs
cross-section at N3LO [43] in the threshold limit.
6 Conclusion
We have explored the similarities of dQCD and SCET threshold resummations, in the im-
plementations of Refs. [13] and [14], respectively, and reaffirmed that they share common
properties of factorization and evolution, differing primarily in the use of boundary con-
ditions for the evolution. For the dQCD formalism, evolution starts in moment space at
scale M/N¯ , and in the SCET formalism at a soft scale, µs, determined by the interplay of
parton luminosities and the hard scattering function. We presented a new analysis of the
dQCD resummed coefficient expressed as the exponential of a Mellin transform, Eq. (3.1),
showing that the non-leading resummation function D(αs) is a specific sum of web dia-
grams computed in momentum space. We went on to extend the moment ratio method of
Ref. [21], confirming that the two resummation formalisms give partonic cross sections that
agree to any desired logarithmic order when the SCET boundary condition for evolution
is chosen as µs = (1− z)M .
For hadronic cross sections, we found that for a wide range of τ , the cross section
is dominated by a single Mellin moment, determined by logarithmic derivatives of the
luminosity function. Corrections to this approximation can be computed by an expansion
of the logarithm of the luminosity around its value at threshold. We expect that for most
collider scenarios, dQCD resummations, using minimal or other prescriptions, should be
close to SCET threshold resummation when the soft scale of the latter is close to the
value determined as above. The single-power approximation, including corrections, can
provide a useful simplification in many cases, without sacrificing numerical accuracy. The
approximation also simplifies the determination of the soft scale and the analysis of the
effect of threshold-suppressed terms.
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A Relating different forms of the non-leading resummation function
At first sight, the moment space form of the resummed exponent, Eq. (3.1) looks rather
different than the exponent in Eq. (2.15), found by solving the soft function evolution
equation. To leading power in N , however, the Mellin expression in Eq. (3.1) can be
rewritten as a double integral in which N appears only in the limits of integration, acted
upon by an infinite series of derivatives,
E (N,M) = −
∫ 1
0
dz
zN−1 − 1
1− z
[
4
∫ M
(1−z)M
dµ′
µ′
A
(
αs
(
µ′
))−D (αs ((1− z)M))]
=
∞∑
k=0
Γ(k)(1)
k!
dk
d lnk 1N
∫ 1−1/N
0
dz
1− z
[
4
∫ M
(1−z)M
dµ′
µ′
A
(
αs
(
µ′
))−D (αs ((1− z)M))]
+ O
(
1
N
)
≡ Γ
(
1 + 2
d
d ln 1
N2
) ∫ 1−1/N
0
dz
1− z
[
4
∫ M
(1−z)M
dµ′
µ′
A (αs (µ))−D (αs ((1− z)M))
]
,
(A.1)
where we have set µf = M for simplicity. In the second equality we have replaced the
explicit Mellin moment by a modified upper limit in the z integral, using the identity,∫ 1
0
dz zN−1
[
lnp(1− z)
1− z
]
+
= −
p+1∑
k=0
Γ(k)(1)
k!
dk
d lnk 1N
∫ 1−1/N
0
dz
lnp(1− z)
1− z +O
(
1
N
)
.
(A.2)
This relation holds for any power of ln(1 − z), up to inverse powers of N as indicated. It
therefore applies to the full µ′ integral in (A.1), which is an expansion in logarithms of
1− z only. A proof of (A.2) follows from using (1− z)δ as a generating function for powers
of ln(1− z), as in Ref. [44]. Following Refs. [13] and [14], we now go on to review how the
action of the derivatives can be absorbed into a modified function D(αs), as in Eq. (3.7).
To make closer contact with the alternate form of the exponent, we change variables
in Eq. (A.1) to µ = (1− z)M , giving
E(N,M) = Γ
(
1 + 2
∂
∂ ln
(
M
N
)2
) ∫ M
M/N
dµ
µ
[
4
∫ M
µ
dµ′
µ′
A
(
αs
(
µ′
))−D (αs (µ))] ,(A.3)
again, up to power corrections in N . Here, we have converted the derivative with respect
to lnN to a derivative with respect to ln(M/N), treating M and M/N as independent.
To streamline subsequent expressions, we define a function that represents the integrals on
which the derivatives in Eq. (A.2) act,
I (ρ,M) =
∫ M
ρ
dµ
µ
[∫ M
µ
dµ′
µ′
4A
(
αs
(
µ′
))−D (αs (µ))] , (A.4)
where in (A.3), ρ = M/N . We now introduce the notation [14],
∇ ≡ d
d ln ρ2
=
β (αs (µ
′))
2
d
dαs(µ′)
, (A.5)
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and use 2eγE∇ to translate the lower limit of the µ integral in Eq. (A.4),
E
(
M
N
,M
)
= Γ (1 + 2∇) I
(
M
N
,M
)
=
[
eγE2∇Γ (1 + 2∇)] e−γE2∇ I (M
N
,M
)
=
[
eγE2∇Γ (1 + 2∇)] I (M
N¯
,M
)
, (A.6)
where, as above, N¯ ≡ eγEN . The expansion
e2γE∇Γ (1 + 2∇) = 1 + pi
2
12
(2∇)2 − 1
3
ζ (3) (2∇)3 + · · ·
≡ 1 +
∞∑
k=2
ak(2∇)k (A.7)
has no linear term in ∇. Carrying out the derivatives of Eq. (A.3) in this notation, we find
e2γE∇Γ (1 + 2∇) I
(
M
N¯
,M
)
= I
(
M
N¯
,M
)
+
∞∑
k=2
ak
[
4∇k−2A (αs (M/N¯))+∇k−1D (αs (M/N¯))] , (A.8)
which depends on M only through the running coupling αs(M/N). The derivatives ∇
may therefore also be converted to derivatives with respect to the coupling, as in (A.5)
above. With these results in hand, we rewrite the derivative terms in (A.8) in a way that
reintroduces an integral over the scale of the running coupling,
4∇k−2A (αs (M/N¯))+∇k−1D (αs (M/N¯)) = 4∇k−2A (αs (M)) +∇k−1D (αs (M))
+
∫ M
M/N¯
dµ′
µ′
[
−4∇k−1A (αs (µ′))−∇kD (αs (µ′))] . (A.9)
In this expression, of course, the M dependence of the constant term is canceled by the
upper limit of the integral. Thus, up to an N¯ -independent constant that only affects the
overall cross section, substituting Eq. (A.9) into the final expression for the exponent E in
Eq. (A.6) gives
E
(
M
N
,M
)
∼=
∫ M
M/N¯
dµ
µ
[∫ M
µ
dµ′
µ′
4A
(
αs
(
µ′2
))− Dˆ (αs (µ2))]
=
∫ M
M/N¯
dµ
µ
[
−4A (αs (µ))
(
ln
M
Nµ
)
− Dˆ (αs (µ))
]
, (A.10)
where we drop the “constant” terms that depend only on αs(M), and where in the second
expression we first perform the µ integral, and then relabel µ′ as µ. A modified D term,
Dˆ, has been introduced to absorb the effects of all derivatives ∇k, k ≥ 2 in the expansion
of Eq. (A.6), where
Dˆ (αs (µ)) ≡ e2γE∇Γ (1 + 2∇)D (αs (µ)) + e
2γE∇Γ (1 + 2∇)− 1
∇ A (αs (µ)) , (A.11)
the result given in Ref. [13] .
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B The single power approximation with model parton distributions
In this appendix, we confirm explicitly the single-power expansion for parton distributions
of the general form, x−δ(1 − x)β, δ, β > 0. As mentioned in Section 5.1, the convolution
of two such parton distribution functions, gives a parton luminosity function of the form
L(τ) = C2τ−δ(1− τ)2β+1F (β + 1, β + 1; 2β + 2; 1− τ), (B.1)
where the constant C is independent of τ . We will study the behavior of this luminosity
first in the small-τ limit and then for τ of order unity.
For τ  1 we use the expansion
F (a, b; a+ b;u) =
Γ(a+ b)
Γ(a)Γ(b)
∞∑
n=0
(a)n(b)n
(n!)2
× [2ψ(n+ 1)− ψ(a+ n)− ψ(b+ n)− ln(1− u)] (1− u)n , (B.2)
in terms of the Polchhammer symbol (a)n = Γ(a+n)/Γ(a). For small τ , we can approximate
the hypergeometric function simply by the first term in its expansion Eq. (B.2), and
L(τ) = C2τ−δ
(
ln
1
τ
− 2ψ(β + 1)− 2γE
)
, (B.3)
which implies, for the logarithmic derivatives of the luminosity, Eq. (5.6),
s1(τ) = δ +
(
ln
1
τ
− 2ψ(β + 1)− 2γE
)−1
,
sn(τ) = (n− 1)!
(
ln
1
τ
− 2ψ(β + 1)− 2γE
)−n
. (B.4)
In the limit τ → 0, s1(τ)→ δ while sn(τ) vanishes like [ln(1/τ)]−n, confirming the validity
of the single power approximation, even when the power δ is not large.
For large values of τ , it is convenient to use the integral form of the luminosity function,
L(τ) ∝
∫ 1
τ
dz
z
z−δ(1− z)β
(τ
z
)−δ (
1− τ
z
)β
= τ−δ
∫ 1
τ
dz
z
(1− z)β
(
1− τ
z
)β
, (B.5)
so that we have
s1(τ) = − 1L(τ)τ
d
dτ
L(τ)
= δ +
β τ
∫ 1
τ
dz
z2
(1− z)β (1− τz )β−1∫ 1
τ
dz
z (1− z)β
(
1− τz
)β . (B.6)
In the large β limit, both the integral in the numerator and the integral in the denomina-
tor can be performed using the saddle point approximation. Both integrands reach their
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maxima at approximately z =
√
τ and have nearly the same peak width. The ratio of the
two integrals is then well approximated by the ratio of the integrands at z =
√
τ ,
s1(τ) ≈ δ + β τ
z
(
1− τz
)∣∣∣∣∣
z=
√
τ
= δ + β
√
τ
(1−√τ) , (B.7)
and
sn(τ) = β
(
d
d ln τ
)n−1 √τ
(1−√τ) . (B.8)
Therefore, s1(τ) = δ + β
√
τ + O(√τ) and (1/n!) sn(τ)/ [s(τ)]n = O(β−(n−1)) << 1,
suggesting that the single power approximation is valid for τ large as well as small.
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